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Abstract

A Tauberian theorem of Littlewood type for the summation of divergent
series defined by means of Bessel functions of first kind is proved.
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1. Introduction. A Tauberian theorem is a statement that relates the Abel
summability and the standard convergency of a number series by means of some
assumptions imposed on the general term of the series under question. In this
paper we extend the validity of such type of assertion to series in Bessel functions.

Let us consider the numerical series

o0
(1.1) Y an, an€C, n=0,12,...
n=0

To define its Abel summability ([?], p. 20, 1.3 (2)), we also consider the power

[e.e]
series Y anz".
n=0

!This work is performed in the frames of the Research Project Transform Methods, Special
Functions, Operational Calculi and Applications under the auspices of the Institute of Mathe-
matics and Informatics of the Bulgarian Academy of Sciences.
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o
Definition 1.1. The series (1.1) is called A-summable if the series ) a,z"
n=0
converges in the disk D = {z : z € C, |z| < 1} and, moreover, there exists

li{no > anz™ = 5. The complex number S is called A-sum of the series (1.1)
2= 1=Un=0

and the_usual notation of that is

dan =5 (A).
n=0

Remark 1.1. The A-summation is regular. It means that if the series (1.1)
is convergent, then it is A-summable, and its A-sum is equal to its usual sum.

Remark 1.2. The A-summability of the series (1.1) does not imply in gen-
eral its convergence. But, with additional conditions on the growth of the general
term of the series (1.1), the convergence can be ensured.

A classical result in this direction is given by the following theorem ([?],
Theorem 85).

Theorem 1.1 (Tauber). Let the series (1.1) be A-summable,

n—oo

Zan =S (4) and lim na, =0.
n=0

o0
Then the series Y, a, converges with a sum S.
n=0
At first sight it seems that the condition a, = o(1/n) is essential. Never-
theless, Littlewood succeeds to weaken it and obtain the following strengthened
version of the Tauber theorem ([°] 7.6.6; [%], Theorem 90).

Theorem 1.2 (Littlewood). Let the series (1.1) be A-summable,

Zan =S (4) and a,=0(1/n).
n=0

o0
Then the series . a, converges with a sum S.
n=0

2. Series in Bessel functions of first kind. Let J,(z) (z € C, n =
0,1,2,...) be the Bessel functions of first kind. Consider a series of the form

(2.1) Zaan(z).
n=0

In studying the behaviour of such series on the boundary of its domain of
convergence in the complex plane we recall that Cauchy-Hadamard and Abel type
theorems are valid for such type of series as proven in [3].
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Theorem 2.1 (of Cauchy-Hadamard type). The domain of convergence of
the series (2.1) is the circular domain |z| < R with a radius of convergence
R =1/A, where

(2.2) A = Stim sup(Jan| /) V.

2 n—oo
The cases A = 0 and A = oo can be included in the general case, provided 1/A
means 0o, respectively 0.

Let 20 € C, 0 < R < 00, |29| = R and g, be an arbitrary angular domain
where 2¢p < 7 and vertex at the point z = 2y, symmetric with respect to the line
through the points 0 and zp.

Theorem 2.2 (of Abel type). Let {a,}72 , be a sequence of complex numbers,
and A is defined by (2.2), 0 < A< oo. Let K ={z:2€C, |z| <R,R=1/A}.
If f(2) is the sum of the series (2.1) in the disk K and this series converges at
the point zy of the boundary of K, then

(2.3) lim f(z) =Y anJu(20), z€ge |2 <R
n=0

z—20

3. (J, zg)-summation. Let zp € C\ R and |z9| = R. Since all the zeros of
Jn(z) are real, then J,(z9) # 0. For the sake of brevity, denote

In(2)
Jn(Z()) )

Definition 3.1. The series (1.1) is said to be (J, zp)-summable if the series

Jh(z;20) =

(3.1) ZanJr*L(z;ZO)
n=0

converges in the disk |z| < R and, moreover, there exists the limit

3.2 li ndi (2 20),
(3.2) lim > an T (2 20)

n=0

provided z remains on the segment [0, zp).

Remark 3.1. Every (J, zp)-summation is reqular, and this property is just
a particular case of Theorem 2.2.

In [4] a Tauber type theorem for (J, zp)-summation is given, namely:

Theorem 3.1 (of Tauber type). If the series (1.1) is (J, z¢)-summable and
(3.3) lim na, =0,

n—oo

then it is convergent.
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4. An asymptotic formula. The asymptotic formula

(4.1) Tn(z) = % (2) (0 46.)), Bulz) — 0asm— oo

is given in (7], § 17.81) for the Bessel coefficients. The convergence of {6, (z)} is
uniform on the compact subsets of the complex plane C. Considering explicitly
0, (z), we can make this result sharper.

Theorem 4.1. Let K C C be a nonempty compact set. Then there exists a
constant C, 0 < C < 00, such that for each n € Ny and each z € K the following
inequality holds

(4.2) 10,(2)] < C/(n+1).

Proof. First, let z € C. Due to (4.1) we can write

> M(n 4+ 1)! 2m
O,(2) = () .
n+lz m'n+m 2

m=1

Denoting u,(z) =

(=1)™(n+1)! (z

2m
) , we obtain the estimate

mi(n+m)! \2
1 z 2m
(4.3) [um (2)] < ml 12
for the absolute value of u,,(z). The series
o0
1 1z2m
4.4 —|=
(44) Z m! ‘2’
m=1

converges for each z € C and its sum is exp(|z|?/4) — 1. This shows that

(4.5) 10, (2)] <

< lexpz /) - 1)

on the whole complex plane. Then, the estimate (4.2) follows immediately
from (4.5). O
Remark 4.1. The uniform convergence of 0,(z) on the compact subsets of
C follows from (4.2) as well.
Remark 4.2. Formula (4.1) has been used in the proof of Theorems 2.1, 2.2,
3.1. We apply (4.2) essentially in proving the corresponding strengthened version
of Tauber theorem for series in Bessel functions of first kind.
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5. A Littlewood type theorem. A Littlewood generalization of the o(n)
version of Tauber type theorem (Theorem 3.1) is given in this part. Similar
theorem is proved in [!] (a generalization of a Tauber type theorem, proved in
[°]) for summation by means of Laguerre polynomials.

Theorem 5.1 (of Littlewood type). If the series (1.1) is (J, zp)-summable
and

(5.1) an, = 0(1/n)

then the series (1.1) converges.
Proof. Let z belong to the segment [0, 29]. By using the asymptotic for-
mula (4.1) for the Bessel functions of first kind, we obtain

an T (25 20) = an <;>n m . (;)n (1 + én(z;zO)) :

On(2) — On(20) ~ _
1 00(z0) Then 6,(z; 20) = O(1/n), due to (4.2).

Let us write (3.1) in the form

(5.2) Zan % 20) ian <Zz0)” (1 +00(2:20))

n=0

where 0, (2; 2) =

n - o0
Denoting wy(2) = an <Z> 0 (z; z0) we consider the series Y wy(z). Since
20 n=0

lwn(2)| < |an| [6n(2; 20)| and according to condition (5.1) and Theorem 4.1, there

[e.@]
exists a constant C, such that |w,(z)] < C/n?. Since Y. 1/n? converges, the
n=1

o0
series Y wy(z) is also convergent, even absolutely and uniformly on the segment
n=0
[0, zg]. Therefore (since lim wy,(z) = 0)
z—20

oo
(5.3) Zli)n;lo Z} wp (2 Z Zli)rrzlo wp(z) = 0.
n=

Obviously, the assumption that the series (1.1) is (J, zp)-summable implies
the existence of the limit (3.2). Then, having in mind that (5.2) can be written
in the form

Zan (2 20) Zan<zo> +Zan(zo> (22 70),

n=0 n=0

we conclude that there exists the limit
(e.) Py n
A4 li —
64 tim Y on ()
n—
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and, moreover,

00 oo Py n
(5.5) zlgrzlo Z()aan(z; 20) = zlglgo Zoan (Zo>
n= n=

From the existence of the limit (5.4) it follows that the series (1.1) is A-summable.
Then according to Theorem 1.2, the series (1.1) converges. O
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